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Minimum-Time Loop Maneuvers of Jet Aircraft

Sachio Uehara,* Homer J. Stewart,t and Lincoln J. Woodt
California Institute of Technology, Pasadena, Calif.

Minimum-time loop maneuvers of jet aircraft are investigatedvby means of the calculus of variations. The
optimal control (lift coefficient and thrust) is determined as a function of the state variables and Lagrange
multipliers for an arbitrary maneuver in the vertical plane. Intermediate thrust arcs and intermediate lift arcs
with minimum thrust are shown to be nonoptimal for the dynamic models considered. Rules are established for
joining trajectory segments with different types of control behavior. Using these results, optimal loop trajec-
tories are generated for a given set of initial conditions and a large number of values of maximum lift coefficient
and maximum thrust. The control history and the maneuver time are found to be strongly affected by the latter
two parameters. Two aerodynamic models are considered, one relatively simple and the other somewhat more
complicated.

Nomenclature
a = speed of sound
CD = drag coefficient - Q>0 + KC2

L
CDO = zero-lift drag coefficient
CL = lift coefficient
D = drag - qSCD
g = acceleration of gravity
H = variational Hamiltonian
/ = performance index to be optimized
K = airplane efficiency factor
L = lift - qSCL
M = Mach number = Via
n — load factor (normal acceleration in g's)
p - atmospheric pressure
p0 = atmospheric pressure at reference altitude
q — dynamic pressure = pV2/2 = «.pM2/2
S = wing area of aircraft
Sw = reciprocal of dimensionless wing

loading = Kp0S/2W
t =time
T = thrust
Tw = thrust to weight ratio = T/ W
V — velocity magnitude
W = weight of aircraft
x = horizontal range
y = altitude
a. = angle of attack
7 = flight path angle
77 = dimensionless altitude = gy/a2

K = ratio of specific heats of air = 1.4
\j =yth Lagrange multiplier for differential con-

straints
IJij =yth Lagrange multiplier for inequality constraints
£ = dimensionless range = gx/a2

p = atmospheric density
r = dimensionless time — gtla
Superscripts and Subscripts

= derivative with respect to time
= derivative with respect to dimensionless time
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= value at a corner point
= final value
= initial value
= intermediate value
= maximum value
= minimum value

Introduction

IN recent years, optimal control theory has been applied to
various performance optimization problems associated

with high-speed aircraft. These problems include minimum-
time and minimum-fuel climbs and dives,1"11 minimum-time
and minimum-fuel turns,11"21 and range maximization and
fuel minimization in cruise.5'22-29 Relatively little investigation
of maneuvers associated with a large flight-path angle has
been made, however.

In this paper, minimum-time loop maneuvers (maneuvers
in the vertical plane in which the flight-path angle increases
monotonically from 0 to 360 deg) are studied. These
maneuvers are interesting from a theoretical point of view,
but more importantly, their investigation is motivated by a
desire to make system tradeoffs between maneuver
requirements, maximum-lift buffet limits, and thrust/weight
ratios. Optimal lift and thrust histories for loop maneuvers
are obtained, and the effects of maximum lift coefficient and
maximum thrust on the control history and maneuver time are
investigated. References 30 and 31 have discussed the climb-
ing part of loop maneuvers.

Analytical Formulation
Several approximations may be used to analyze the motion

of an aircraft in the vertical plane.5 The quasisteady ap-
proximation (as defined in Ref. 5), in which accelerations are
neglected completely, is adequate for treating the climb
performance of subsonic aircraft. However, this ap-
proximation is inadequate for a loop maneuver, which
requires changes in flight-path angle of 360 deg. The energy-
state approximation, in which energy is the only state
variable, is quite useful for analyzing the minimum-time and
maximum-range performance of high-speed aircraft,
provided that the acceleration normal to the flight path can be
neglected and that the flight is nearly horizontal. In a loop
maneuver, neither of these assumptions is justified. A
somewhat more accurate approximation involves considering
the velocity and altitude as state variables and the flight-path
angle as a control variable. This approach is also not suitable
for analysis of a loop maneuver, because acceleration normal
to the flight path is again neglected. Since accelerations
parallel to and normal to the flight path are much more
important in a loop maneuver than in a climb, the selection of
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velocity, flight-path angle, and altitude as state variables, and
lift coefficient, thrust, and zero-lift drag coefficient as control
variables is appropriate for analysis of a loop maneuver.

If the aircraft is modeled as a point mass, the equations of
motion are32

( W/g) V= T cosa-D- Wsiny

(W/g) Vy=T sina+L- W COS7

x = }

y=V sin7

In order to minimize the complexity of the problem, it is
assumed that the atmospheric pressure and temperature are
constant during the maneuver, the weight of the aircraft is
constant, the angle of attack is sufficiently small so that the
component of thrust normal to the flight path is much smaller
than the lift (Tot<L), the normal acceleration and Mach
number are unconstrained, the zero-lift drag coefficient is
constant, and the upper and lower bounds on lift coefficient
and thrust are constant. If the lift coefficient and thrust-to-
weight ratio are chosen to be control variables and the
equations of motion are expressed in dimensionless form, the
state equations and control constraints are expressible as

M' = Tw-SwM2(CDO+KC2
L)-smy (1)

y' =(SwM2CL-cosy)/M (2)

(3)

(4)

<0 (5)

<0 (6)

Equation (1) explicitly assumes the drag coefficient CD to be a
parabolic function of CL.

Analysis by the Calculus of Variations
Minimum-time loop trajectories may be determined by

solving a Mayer problem of variational calculus with per-
formance index

(CL-CL )(CL-CL^ L Lma\' ^ L ^

(7)

and variational Hamiltonian

H=\j [Tw-Sw M2(CDO+KC2
L) -s'my]

+ (\2/M) (SwM2CL-cosy) + \3M cosy + \4M s'my (8)

The Euler-Lagrange equations are

A; = Ay2SwMCD- (\2/M2) (SwM2CL+cos7)

— AjCOS7 — \4 smy (9)

\'2 = \! COS7- (A2/M)sin7 + A5M sin7 —A^Mcos7 (10)

\'3=0^\3= constant (11)

A; = 0-~\4 = constant (12)

The Hamiltonian and each of the Lagrange multipliers must
be continuous at all corners (points of discontinuity in the
control), according to the corner conditions of variational
calculus, since there are no interior point constraints or state

variable inequality constraints. Moreover,

//=-/ (13)

since His not explicitly time-dependent, and final time is to be
minimized.

Characteristics of Optimal Subarcs
The control variables CL and Tw are not coupled in the

Hamiltonian. Hence, H may be optimized with respect to
each control variable independently, using the minimum
principle.33 Since H is linear in Tw, H is minimized with
respect to Tw when

rwmax i f A ; < 0

Tw= J
vim (Twm ] n < Tw<Twmax) if Ay =0 (for a

finite time interval)

vmin i f X 7 > 0

An intermediate thrust arc is a singular arc, since
dH/dTw = \j=0 and 82H/dTw2=Q on this arc. Additional
tests are needed to determine whether such an arc can be
optimal. One necessary condition for optimality is that

0= —
dH

dr \dTw/ M2 (M-2\2 COS7) (14)

where use has been made of Eqs. (9) and (13) in obtaining the
last equality.

The generalized Legendre-Clebsch condition33 requires that

&_ / dH
dT7 V

cosy-M ^
~

(15)

In other words, 1/M2<0 from Eqs. (14) and (15). Since M
must be real, the generalized Legendre-Clebsch condition is
not satisfied. Hence, intermediate thrust arcs are not optimal.

His stationary with respect to CL when

3H/dCL = SwM( -2\!KCLM+ \2)=0 (16)

that is, when either

\]=\2=0 or CL=\2/2KM\] (17)

Only the latter possibility need be considered, since the former
implies a nonoptimal singular arc.

Since H is quadratic in CL, the preceding choice of CL
produces a local minimum in //if A/ <0 and a local maximum
if A/ >0. Hence, if A, <0(Tw= Twmax), the optimal value of
C, is either C, , C, , or an intermediate value deter-^ max ^min
mined from Eq. (17). If A y > 0 (Tw = /Vmin), however, the
optimal value of CL can only be CLmax or CL^. . The optimal
value of CL as a function of A/ , A2,mand Mcan^e determined
by applying the minimum principle. The results are sum-
marized in Table 1. In Table 1, the quantity C, is definedM J Lavg
to be

CL =(CLavg ^ +C L̂

There are thus five qualitatively different control com-
binations, or five different trajectory subarcs, which may be
used to construct an optimal trajectory.

Sequences of Subarcs
There are certain restrictions on which subarcs can be

joined together in constructing an optimal trajectory. This
may be seen by first establishing three conditions that must
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Table 1 Optimal control as a function of the Lagrange multipliers

Subarc
number

II
I

III
IV
V

Ay

<0
<0
<0
>0
>0

A2 Tw CL

2KCL M\!<\2<2KCL . MAy Twmax CL. =A2/2ATMAy
<2KC, MA, 7w> Cf^max J max ^max
>2KCL . MAy 7Vmax CL .^•min 1UctA ^mm
<2KCj MA, Twm- CfLavg ' min ^max
>2KC, MA, 7Vm Cf^avg l min Lmin

hold at a corner, or junction of two subarcs:

1) The state variables, Lagrange multipliers, and the
Hamiltonian must be continuous at a corner.33

2) Tw can be discontinuous only if ( X ; ) c = 0, and CL can
be discontinuous only if either

Table 2 Aircraft and atmospheric data

Item Data

or

and ( X 7 ) c > 0

This condition follows from the fact that each control
variable is continuous at a corner if H is regular in that
variable (i.e., if H has a unique minimum in that variable,
subject to the stated constraints).34

3) If Ay — A2 =0 at any point on an optimal trajectory, A;
must change from negative to positive at that point. This
follows from the fact that, if A7 = A2 =0 at some point, Eqs.
(9) and (13) and continuity of A5 and A^ lead to the con-
clusions that Ay is continuous and Ay = 1/M>0 at that point.

From these conditions, it can be shown that the transitions
I-III, III-I, IV-II, IV-III, V-II, and V-I are im-
possible, and that the transitions II —IV, I I I — IV, II — V and
I — V can occur only if both Ay and A2 vanish simultaneously.
The latter four transitions involve a simultaneous change in
both control variables and hence are relatively unlikely.
Moreover, if \3 = \4=Q (the case in which final range and
altitude are not specified), these transitions are impossible
because Eq. (13) is violated. Thus, only the five transitions
I-II, III-II, I-IV, III-V, and IV-V and their inverses
are of real practical interest.

Since no terminal constraints on the state have been im-
posed in the foregoing analysis, any time-optimal maneuver in
the vertical plane, not just loop maneuvers, will be composed
of these subarcs. Loop maneuvers are not likely to include
subarcs with minimum lift coefficient, since the flight-path
angle increases monotonically. Hence, only subarcs I, II, and
IV are of real interest from now on.

In previous work considering minimum-time climb per-
formance, the control variable was taken to be K, 7, or a
(equivalent to CL), with the thrust held at its maximum level.
Optimal solutions were found to have intermediate lift and
maximum thrust.1"5 '31 In target chasing maneuvers,30 the
control was taken to be lift coefficient or normal force while
using maximum thrust. Minimum-time solutions consist of
paths with maximum thrust and maximum normal ac-
celeration or maximum lift coefficient.

Numerical Solution of the Two-Point
Boundary-Value Problem

In order to determine minimum-time loop trajectories, a
two-point boundary-value problem must be solved. In
general, extremal trajectories may be generated by guessing
initial values for the Lagrange multipliers and integrating the
state equations and Euler-Lagrange equations forward,

Aircraft W=\ 8,000 Ib
5-220 f t 2

For simplified model:
CD =0.02
K =0.2

For more realistic model:
" 0.02, M< 0.93

0.02 + 0.2(M-0.93),0.93<M< 1.03

0.04 + 0.06(M-1.03), 1.03<M<1.10

0.0442- 0.007 (M- 1.10), 1.10<M

fO.2 , M<1.15
K = \

[_ 0.2 + 0.246(M- 1.15), 1.15<Af

7>max = 0.0405(1 + 0.597297M2 )Swe~l-4r?
(0.5 at altitude of 20,000 ft and speed of Mach 0.9)

Atmosphere Reference altitude: 20,000ft
p -972.49 psf
a -1037.26 ft/s
K =1.4

Gravity g =32.1741 ft/s2

subject to the specified initial conditions on the state
variables. The optimal control can be determined in terms of
the state and Lagrange multipliers using the minimum
principle. In this problem, if the parameters \3, \4, and
Ay (TJ) are guessed, differential equations for M, y, £, r\, and
Ay can be integrated forward. The condition H= - 1 may be
used to determine A 2 ( r ) . C L ( T ) and Tw(r) can be deter-
mined from Ay, A2, and M according to Table 1. The final
time Tf can be chosen to be the time at which 7(7) = 2?r. A
three-dimensional search must be made for the set of
parameters ( A y ) , , \3, and A4 , which cause the following
terminal conditions to be satisfied:

Mj- specified or (\i)f = 0

£y specified or \3 - 0

j]f specified or \4 = 0

Data describing the aircraft and atmospheric conditions are
given in Table 2. An initial speed of Mach 0.9 and an initial
altitude of 20,000 ft were assumed.

Numerical Results for the Case
Mf, £/, and rjf Unspecified

If the final Mach number, range, and altitude are un-
specified, only a one-dimensional search [for the value of
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0.2

Initial CL

Final Values
Time
Speed
Range
Height

Maximum Normal
Acceleration S
, 0L——_————

-, 25,000 ft

20,000ft

tf
Mf

xf
Vf

€
0.8856

39.42 sec
0.6921 M
4428 ft

-205.4 ft

6.34 g

Fig. 1 Control and state
histories: CL = 1.0,
7wmax= 0.5 (region A).

0.5

90 180 270 360
Flight Path Angle /(In Degrees)

-i 25,000 ft

20.OOO ft

Maximum Normal
Acceleration

^ I.Or_____

0.23

0 90 180 270 360
Flight Path Angle / ( In Degrees)

Fig. 3 Control and
state histories:
C, =0.75,
IV-=0.23
(region E).

-, 23,000 ft

20,OOO ft

Fig. 2 Control and
state histories:
CL =1.6,

'-max
7>max=0.3
(region C).

0 90 180 270 360
Flight Path Angle y ( In Degrees)

( A / ) , such that ( A / ) / = 0] need be made, since \3 and \4 are
identically zero. In this special case, the four-state variable
optimal control problem reduces to a two-state variable
optimal control problem. Optimal paths are shown in Figs. 1-
3 for three sets of values of CL ^ and 7Vmax. Figure 4 was
constructed by determining optimal trajectories for a large
number of values of CLm& and Twmax for the,vfixed set of
initial conditions just described. The portion of the 7Vmax -
CL plane which is of practical significance can be divided
into a number of regions according to the control behavior
along a minimum-time loop trajectory. The boundary line
labeled "CL. Initially" indicates that the CL program begins
with a CLjn arc in the region to the right of that line. The label
"CL. In the Middle" indicates that the CL program has a
CL. '"arc in its middle part in the region of the plane below
that line. The lines labeled "7Vmin..." have functions similar
to those of the lines labeled "C/. ...."Lml

CLP — I h— j fc~~l
T»I — i

— I I — !
I J(N.SO

I — I

Fig. 4 Control history map (Mf, £y, 17̂  free).

The regions determined by these boundary lines are denoted
by the letters A to K, corresponding to the optimal CL and Tw
programs shown in the upper part of the figure, except for
regions J and K. For region J, no stationary solutions have
been found yet, although the maneuver can be completed. The
program shown is the admissible solution that gives the
shortest maneuver time. For region K, no control programs
are plotted, since the maneuver cannot be completed.§ The
flight-path angle cannot be increased beyond 90 deg because
of insufficient lift at low speeds. Regions C, D, and G have a
second stationary solution, without the CLjnt arc in the middle
of the path. However, these paths produce larger maneuver
times than those shown in Fig. 4.

The boundaries separating regions B, E, and F between the
small circles have additional interesting characteristics. There
are three locally optimal solutions of types B, E, and F, which
yield different values of maneuver time in this portion of the
T^max - Qmax plane. In region B, the time for solution type B
is shortest among the three possibilities, and, in region F, the
time for solution type F is shortest. The minimum-time

§The numerical analysis treated only trajectories with j>0. The
possibility of constructing proper solutions for regions J and K by
starting the maneuver with a dive was not investigated.
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Wing Loading 82psf
Initial Alt itude 20,OOOft
Initial Speed 0.9 M
Final Speed .Range And Alt i tude Are Not Specified.

y' = (l/M)(Swe -Kr>M2CL-cosy)

0.5

0.3

0.2

O.I

60 si

0.6 0.7 0.8 0.9 1.0 I.I 1.2 1.3 1.4 1.5

Fig. 5 Contours of time for maneuver (A/y, £y, rjj free).

solution switches from one type of solution to the other across
the boundary line between regions B and F. Similar solution
switchings have been observed across the boundary lines
between regions B and E and regions E and F.

Contours of minimum maneuver time are plotted in the
c^max-rH;max plane in Fig. 5. Increasing 7wmax and CLmax
tends to produce shorter maneuver times. The dashed portion
of the 60-s contour is in region J.

From the viewpoint of inlet, duct, and engine design, the
control histories of lift and thrust shown in Figs. 1-3 present a
severe design requirement. Maximum thrust at a high angle of
attack and low speed is required for a minimum-time
maneuver. (Note that this conclusion does not contradict the
assumption Ta<L made in formulating the problem. For
high-speed aircraft, buffet limitations generally permit
neglecting Tot relative to lift even though a. is not really very
small.) This will produce distortion in the inlet and duct
airflow and may induce compressor stall of the engine. In
addition, the transient effect of abrupt thrust level changes on
the inlet and duct airflow and on the engine performance
might be quite significant, especially at low speeds. Numerical
results for cases in which £y or £y and r/y- are specified are
presented in Ref. 35.

Analysis of a More Realistic Dynamic Model
In order to obtain the features of a realistic minimum-time

loop maneuver, some of the simplifying assumptions made
previously will now be removed. It is now assumed that the
atmospheric pressure varies with altitude according to
p=p0e~K"], CDO and K are functions of Mach number, and
7Vmax and rwmin are functions of Mach number and altitude.
Constraints on normal acceleration due to aircraft structural
limits or the pilot's physiological limits are also considered.

Generally, the normal acceleration constraint is effective
only when the dynamic pressure (q=!/2K.pM2) is relatively
large. The lift coefficient is then bounded above and below by

and

respectively. Thus the normal acceleration constraints may be
handled as constraints on CL which depend explicitly on
Mach number and altitude. In the relatively low dynamic
pressure range, the constant upper and lower bounds on CL
are more restrictive than the state-dependent bounds imposed
by the normal acceleration limitation. In the high dynamic
pressure range, the reverse is true.

Necessary conditions of optimality for minimum-time
maneuvers with this dynamic model are

17' =

x; -

(19)

(20)

(21)

M2 (Sw e~^M2CL +COS7) --\3 cosy — \4 smy

dcL*~maY

dM

L \ dM Lmin

37wmin

dM dM
[n \

)

dM

\2 = X y COS7- (X2/M)sin7 + X3M sirvy — \4M cosy

\3 — constant

X; =-\jSwe~

(22)

(23)

(24)

K dC f̂ max^r
BC,̂mm

drj drj
/dCL— I max c

L \ dr CL-
c —

L

dr,

V drj
~ Twmin + —-^ Twmax

(CL-CL )(CL-CL . )<L ^ ' L L '

xl(CLmax+CLmJ-2CL]

0 = \j-n2[( Twmax + Twm[n) -2Tw]

— \jKSw e~Kr]M2 -f-/u/ >0

^!>0 for CL=CL or CL .r ' L Lmax ^mm

fjL1=0 for CL = CL[M

H2>0 for Tw = 7Vmax or ^v^min

fji2 = 0 for rwint

X y ( r w - S w e~KriM2CD-smy) + (X 2 /M) (Sw .

— COSY ) -I- XjM COSY H- X4M sin7 = — 7

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

=Tw-Sw e~K71M2 (CDO + KC2
L) -s'my (18)

(35)

These equations are similar to those for the simpler
dynamic model, except that X^O, the additional Lagrange
multipliers /*, and p2

 enter tne ^/ and ^ equations, and the
term e~Kri appears in various equations. Once again it can be
shown that intermediate thrust arcs are nonoptimal because
of the generalized Legendre-Clebsch condition. Intermediate
lift arcs with minimum thrust are nonoptimal, leaving five
possible control combinations, as before. The restrictions on
the transitions between these subarcs are the same as with the
simplified model.
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-,25,000ft

20,OOO ft

Initial CL
Final Values

Time
Speed
Range
Altitude

Maximum Normal
Accelerat ion

, 1.0

tf
Mf

*f

47.51
O.6659
5257

-296.6

sec
M
ft
ft

Fig. 6 Control and state
histories: CL =1.0,

realistic model without
A7max constraint).

90 180 270 360
Flight Path Angle y(ln Degrees)

0.3 -

n 25,000 ft

20,000 fl

Fig. 7 Control and state
histories: CL =1.0,
AZmax=5.0,(7HO,.=0.5
(more realistic model with
^max constraint).

0 9O I8CT 27O 36O

Flight Path Angle / (In Degrees)

Numerical Results for the More
Realistic Model

Changes in atmospheric pressure with altitude are now
considered. CDO and K are assumed to be functions of Mach
number, and 7Vmax and 7Vmin are assumed to be functions of
Mach number and altitude. Constraints on normal ac-
celeration are not considered. An optimal path for the case
^max = ̂  (^wmax)/ = 0.5 is shown in Fig. 6. The terminal
Mach number, range, and altitude are again considered to be
free parameters. The control history and the trajectory itself
are similar to those shown in Fig. 1 for the simplified model
with the same values of CL max and (7Vmax)/. The time
required for the maneuver, the peak altitude, and the final
range are somewhat larger than with the simplified model.

If an appropriate normal acceleration constraint is in-
troduced, the trajectory begins with an arc on which CL is
limited by this constraint. This is followed by a CLm arc on
which the normal acceleration constraint is ineffective. The
trajectory and control history for this case are shown in Fig.
7. The same values of CL^^ and (7Vmax),- as in Fig. 6 are
assumed. The trajectory is very similar to that in Fig. 6. The
normal acceleration constraint is effective only at the
beginning of the maneuver, where the dynamic pressure is
largest.

Conclusion
Optimal values of lift coefficient and thrust have been

determined as functions of the state variables and Lagrange
multipliers for an arbitrary minimum-time maneuver in the
vertical plane, using a four-state variable model of the aircraft
dynamics. Intermediate-thrust singular arcs have been shown
to be nonoptimal by application of the generalized Legendre-
Clebsch condition. Intermediate-lift arcs with minimum
thrust have also been shown to be nonoptimal. Rules have
been established governing the joining together of trajectory
segments with different types of control behavior.

For a given set of initial conditions, an extensive study has
been made of the control history required for a minimum-
time loop maneuver as the maximum thrust and maximum lift
coefficient are varied. The final speed, range, and altitude
were assumed unspecified. The 7Vmax vs CL plane has
been divided into 11 regions. Nine of these regions are
characterized by qualitatively different control programs for
minimum-time loop maneuvers. One of the remaining two has
an admissible solution but no stationary solutions. In the
other region, the maneuver cannot be completed. When
CL and 7Vmax are relatively large, the loop is generated
mainly by means of lift control rather than thrust. When
CL and Twmax are relatively small, both lift and thrust are
important control variables.

The requirement of maximum thrust at a high angle of
attack and low Mach number, near the top of the loop
maneuver, imposes severe restrictions on the inlet, duct, and
engine design from the standpoint of compressor stall of the
engine. The results obtained using the more realistic
aerodynamic model do not differ appreciably from those
obtained with the simplified model.

References
1 Miele, A. and Capellari, J.O., Jr., "Approximate Solutions to

Optimum Flight Path Trajectories for a Turbojet-Powered Aircraft,"
NASATN-152, 1959.

2Cicala, P. and Miele, A., "Brachistocronic Maneuvers of a
Constant Mass Aircraft in a Vertical Plane," Journal of the
Aeronautical Sciences, Vol. 22, April 1955, pp. 286-288.

3Bryson, A.E. Jr. and Denham, W.F., "A Steepest Ascent Method
for Solving Optimum Programming Problems," Journal of Applied
Mechanics, Vol. 29, June 1962, pp. 247-257.

4Landgraff, S.K., "Some Applications of Performance Op-
timization Techniques to Aircraft," Journal of Aircraft, Vol. 2,
March-April 1965, pp. 153-154.

5Bryson, A.E. Jr., Desai, M.N., and Hoffman, W.C., "Energy-
State Approximation in Performance Optimization of Supersonic
Aircraft," Journal of Aircraft, Vol. 6, Nov.-Dec. 1969, pp. 481-488.

6Rutowski, F.S., "Energy Approach to the General Aircraft
Performance Problem," Journal of the Aeronautical Sciences, Vol.
21, March 1954, pp. 187-195.

7Rader, J.E. and Hull, D.G., "Computation of Optimal Aircraft
Trajectories Using Parameter Optimization Methods," Journal of
Aircraft, Vol. 12, Nov. 1975, pp. 864-866.

8Prasad, U.R. and Subramanyan, P.S., "Optimal Trajectories for
the Dive-Bombing Mission of a Fighter Aircraft," Journal of Air-
craft, Vol. 14, Feb. 1977, pp. 221-222.

9Calise, A.J., "Extended Energy Management Methods for Flight
Performance Optimization," AIAA Journal, Vol. 15, March 1977,
pp. 314-321.

10Breakwell, J.V., "Optimal Flight-Path-Angle Transitions in
Minimum-Time Airplane Climbs," Journal of Aircraft, Vol. 14, Aug.
1977, pp. 782-786.



AUGUST 1978 MINIMUM-TIME LOOP MANEUVERS OF JET AIRCRAFT 455

HKelley, H.J. and Edelbaum, T.N., "Energy Climbs, Energy
Turns, and Asymptotic Expansions," Journal of Aircraft, Vol. 7,
Jan. 1970, pp. 93-95.

12Bryson, A.E. Jr. and Lele, M.L., "Minimum Fuel Lateral Turns
at Constant Altitude," AIAA Journal, Vol. 7, March 1969, pp. 559-
560.

13Hedrick, J.K. and Bryson, A.E. Jr., "Minimum Time Turns for
a Supersonic Airplane at Constant Altitude," Journal of Aircraft,
Vol. 8, March 1971, pp. 182-187.

14Hedrick, J.K. and Bryson, A.E. Jr., "Three-Dimensional
Minimum-Time Turns for a Supersonic Aircraft," Journal of Air-
craft, Vol. 9, Feb. 1972, pp. 115-121.

15Hedrick, J.K. and Bryson, A.E. Jr., "Three-Dimensional
Minimum Fuel Turns for a Supersonic Aircraft," Journal of Aircraft,
Vol. 9, March 1972, pp. 223-229.

16Hoffman, W.C., Zvara, J., and Bryson, A.E. Jr., "Optimum
Turns to a Specified Track for a Supersonic Aircraft," Paper 32-3,
13th Joint Automatic Control Conference, Stanford, Calif., Aug.
1972.

17Bryson, A.E. Jr. and Parsons, M.G., "Constant-Altitude,
Minimum-Time Turns to a Line and to a Point for a Supersonic
Aircraft with a Constraint on Maximum Velocity," Stanford Univ.,
Stanford, Calif., SUDAAR437, Nov. 1971.

18Parsons, M.G. and Bryson, A.E. Jr., "Three-Dimensional,
Minimum-Time Flight Paths to a Point and onto a Line for a
Supersonic Aircraft with a Maximum Mach Number Constraint,"
Stanford Univ., Stanford, Calif., SUDAAR444, Aug. 1972.

19Parsons, M.G., Bryson, A.E. Jr., and Hoffman, W.C., "Long-
Range Energy-State Maneuvers for Minimum Time to Specified
Terminal Conditions," AIAA Paper 73-229, Washington, DC, 1973.

20Connor, M.A., "Optimization of a Lateral Turn at Constant
Height," AIAA Journal, Vol. 5, Feb. 1967, pp. 335-338.

21Anderson, G.M. and Othling, W.L. Jr., "Optimal Trajectories
of High-Thrust Aircraft," Journal of Aircraft, Vol. 13, March 1976,
pp. 180-184.

22 Miele, A., * 'An Extension of the Theory of the Optimum Burning
Program for the Level Flight of a Rocket Powered Aircraft," Journal
of the Aeronautical Sciences, Vol. 24, Dec. 1957, pp. 874-884.

23Zagalsky, N.R., Irons, R.E., and Schultz, R.L., "The Energy
State Approximation and Minimum-Fuel Fixed-Range Trajectories,"
Journal of Aircraft, Vol. 8, June 1971, pp. 488-490.

24Schultz, R.L. and Zagalsky, N.R., "Aircraft Performance
Optimization," Journal of Aircraft, Vol. 9, Feb. 1972, pp. 108-114.

25Speyer, J.L., "On the Fuel Optimality of Cruise," Journal of
Aircraft, Vol. 10, Dec. 1973, pp. 763-765.

26Schultz, R.L., "Fuel Optimality of Cruise," Journal of Aircraft,
Vol. 11, Sept. 1974, pp. 586-587.

27Barman, J.F. and Erzberger, H., "Fixed-Range Optimum
Trajectories for Short-Haul Aircraft," Journal of Aircraft, Vol. 13,
Oct. 1976, pp. 748-754.

28Gilbert, E.G. and Parsons, M.G., "Periodic Control and the
Optimality of Aircraft Cruise," Journal of Aircraft, Vol. 13, Oct.
1976, pp. 828-830.

29Speyer, J.L., "Nonoptimality of the Steady-State Cruise for
Aircraft," AIAA Journal, Vol. 14, Nov. 1976, pp. 1604-1610.

30Spintzyk, J., "Untersuchungen iiber Zeitoptimale Wende-und
Einholmanover von Uberschallflugzeugen," Jahrbuch 1962 der
WGLR, 1962, pp. 202-217.

31 Vincent, T.L., Lutze, F., and Ishihara, T., "Applications of the
Calculus of Variations to Aircraft Performance," NASA CR-498,
1966.

32Miele, A., Flight Mechanics, Vol 1: Theory of Flight Paths,
Addison-Wesley, Reading, Mass., 1962, pp. 52-54.

33Bryson, A.E. Jr. and Ho, Y.C., Applied Optimal Control,
Blaisdell, Waltham, Mass., 1969.

34Speyer, J.L., "Optimization and Control of Nonlinear Systems
with Inflight Constraints," Ph.D. Thesis, Harvard Univ., Cambridge,
Mass., Feb. 1968.

35Uehara, S., "Theoretical Investigation of Minimum Time Loop
Maneuvers of Jet Aircraft," Ph.D. Thesis, California Inst. of
Technology, Pasadena, Calif., 1974.

From the AIAA Progress in Astronautics and Aeronautics Series..,

RADIATION ENERGY CONVERSION IN SPACE—v. 61
Edited by Kenneth W. Bill man, NASA Ames Research Center, Moffett Field, California

The principal theme of this volume is the analysis of potential methods for the effective utilization of solar energy for the
generation and transmission of large amounts of power from satellite power stations down to Earth for terrestrial purposes.
During the past decade, NASA has been sponsoring a wide variety of studies aimed at this goal, some directed at the physics
of solar energy conversion, some directed at the engineering problems involved, and some directed at the economic values
and side effects relative to other possible solutions to the much-discussed problems of energy supply on Earth. This volume
constitutes a progress report on these and other studies of SPS (space power satellite systems), but more than that the volume
contains a number of important papers that go beyond the concept of using the obvious stream of visible solar energy avail-
able in space. There are other radiations, particle streams, for example, whose energies can be trapped and converted by spe-
cial laser systems. The book contains scientific analyses of the feasibility of using such energy sources for useful power gen-
eration. In addition, there are papers addressed to the problems of developing smaller amounts of power from such radia-
tion sources, by novel means, for use on spacecraft themselves.

Physicists interested in the basic processes of the interaction of space radiations and matter in various forms, engineers
concerned with solutions to the terrestrial energy supply dilemma, spacecraft specialists involved in satellite power systems,
and economists and environmentalists concerned with energy will find in this volume many stimulating concepts deserving
of careful study.

690pp., 6x9, illus., $24.00Mem. $45.00List

TO ORDER WRITE: Publications Dept., AIAA, 1290 Avenue of the Americas, New York, N . Y. 10019


